Introduction.
Let B he the group on q generators defined by setting the pth power of every element, for some prime p, equal to the identityC). A method, based on the free differential calculus of R. H. Fox, will be applied to study the quotients Qn = Bn/Bn+i oí the lower central series of B, for n^p + 2(2). Our main results were obtained earlier by Philip Hall, using a different method (3) .
To state these results, let Hn) De the rank of the free abelian quotient Fn/Fn+i, where F is the free group on q generators. (Witt [ll] has shown that H*1) =n~1 £«j|" ix(n/d)qd.) Then Qn will be the direct product of a certain number n(n) of cyclic groups of order p, where K(n)?¿Hn) - We show that:
(I) k(u) = Hn) îor n < p;
(II) k(p) = HP) -(P + q~^ + q;
(III) Kip+l) =^+^-(q2)(P + q_~í2) iorp>2;
(IV) k(P + 2) = HP + 2) -3p + 1 for p > 3 and q = 2.
2. The Magnus series and Fox derivatives. In this section we summarize, without proof, those known results that will be needed later.
Magnus has defined an isomorphic representation of a free group by power series. Let (0 For a general discussion of Burnside's problem, see Baer [l] . In addition to the papers mentioned in [l ] we note a more recent paper of Magnus [lO] that is in part parallel to the present investigation, and a paper of J. A. Green [5] in which he anticipates certain ideas of the present paper and establishes a remarkable theorem that supersedes similar results of ours.
(2) For the Fox calculus, see Fox [4] ; for its application to the lower central quotients, see Chen-Fox-Lyndon [3] . The results cited in §2 are to be found in these papers and in the fundamental papers [9; 10] of Magnus and [ll] of Witt. See also Hall [6] . Added in proof: These results are extended in a sequel to the present paper, to appear in Trans. Amer. Math.
Soc.
(') Hall, 1949, unpublished . Results I, II, HI (at least for 2 = 2), IV below. I am grateful for the opportunity to check my results against his (and to correct an error in my preliminary computation of icip+2)).
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use may be characterized as the unique multiplicative extension, F into £2, of the correspondence xk->l+Axk. We write w->l -fAw> = 1 +(i>i+ü)2 + • • ■ where w" is the sum of all terms of total degree n in the Axk. It is known that «i=co2 = • • • =co"_i = 0 if and only if w lies in the lower central group F". In this case o>n is a Lie element in the Axk, of degree n, and it is known that the correspondence w-rwn defines an isomorphism of the abelian quotient F"/F"+i onto the module of all Lie elements of degree n contained in £2. If p{ is a Lie element, where p is an integer, then f is a Lie element.
The coefficients in the Magnus series are given by the Fox calculus. Let T be the group ring of F, with integer coefficients. For each generator xk define d/dxk from F into T by the conditions
By extending d/dxk linearly to a derivation from T into V, one defines the Let C" be the set of all sequences c of length n, and define Sn to be the subset of those "standard" c that have the property of preceding lexicographically all of their own proper terminal segments ckck+i ■ ■ ■ c", Kk^n. The operators Dc for c in C" define homomorphisms of Fn/Fn+i into the additive group Z of integers, and the Dc for c in Sn form a basis for the group of all homomorphisms of Fn/Fn+i into Z. The operators Dc are homogeneous in the sense that Dciw) =0 for w in F" unless for each k the degree of w (as a commutator form) in xk is equal to the number of occurrences of the symbol k in the sequence c.
The operators Dc, applied to the general element of F, are not independent, but are subject to certain "shuffle relations." Define a shuffle of two sequences a and & to be a pair of order-preserving one-to-one mappings embedding them as subsequences in a new sequence c; we require that c he precisely the union of the two subsequences, but not that they be disjoint. In these terms one has, for all w in F, the relations and R is generated by all pth powers of elements from F. Then Qn = B"/Bn+i is a quotient group of Fn/Fn+i. Let F" be the quotient of Fn/Fn+i by the pth powers of its own elements. Since Fn/Fn+i is free abelian of rank Hn), Fn may be taken, in additive notation, as a vector space of dimension Hn) over the field of integers modulo p. Since Qn is abelian of exponent p, it may be identified with a quotient space of Vn:
The dimension of Qn is n(n) =Hn) -ß(n), where ¡x(n) is the dimension of il7n.
Given a set of elements r whose cosets span FnC\R/Fn+if~\R, and a set of elements c of C" that includes the set 5", the matrix <Mn= [Dc(r)], with elements taken modulo p, is a relation matrix for Qn= Vn/Mn. Hence /z(w) is the rank of M".
We are thus led to consider the Magnus series 1 +Aw for w =11 wf in R, and the behavior of its coefficients reduced modulo p. To prove (3.41), note that if pm>n then every partition of c into p (nonempty) parts must contain some part ck of length less than m; hence every term in (3.32) contains a factor 7>c*(m)=0. To prove (3.42), note that in every partition of c into p (nonempty) parts, all parts must be of length less than n -p+2; hence each Dck(u)=Dck(v).
To prove (3.43), apply (3.1) to Dc(upvp) with m = 2, and observe that by (3.31) every term containing a factor for ck nonempty and of length less than p must vanish; hence only those terms corresponding to c = clc2 with one part empty and the other equal to c remain. The case h = k is trivial, while the general case follows by iteration of the case k = h + l. Since w is in Fk, w¿ is a Lie element; and w/, = 0 implies that u>h= -pÇ where f is again a Lie element of degree h. Then f is the leading term of As for some z in Fk-Taking r = z", w' = wr is in F^+i, with uh' =0. Theorem II.
Remark. For p = 2, this gives k(2) =^(2) -p(2) =0, hence Q2 = 1 ; in fact, B2=l(4). Since it follows that, for p = 2, Qn -l for all »^2, we may henceforth assume that p>2. If n = p, there exist no distinct (h) and (h') so related, whence Mn has a basis of elements lying in the various M(h), and therefore is a direct sum.
For n =p + l, the pairs of (h) and (h') of this sort are all of the type -, In the excluded cases, where some hk=p, with the remaining hi = 0, one has £X(a(/)i= £x¡a(/)í: = 0. Hence n(L)=0 for all r;. For the converse, given an L such that r;(7)=0 for all r\, proceeding in the same manner as for Lemma 5.1 we can use the given \t and a(t)k to construct an element r= Hw(i)pX< in Rl^FP+i giving rise to a row L' in Jitp+i with the same numbers ct(t)k as L. Since this construction provides no control over the 7,7, to prove that L belongs to Vííp+i we must show that ífríp+i contains all rows of the form It follows that the rank of 7Ktp+i, fj.(p + l) = £mW> is the sum, over all (h), of the number of pairs i<j for which hi^O, hj^O. Evidently, this is the sum over all i<j, of the number of (h) with hiP^O, h¡¿¿Q, which is evidently oc;!;2) Theorem III.
«+»-(oc;r) for p>2.
Remark. For p -3, this gives k(4) =^(4) -¡x(i) = 0, hence Ç4 = 1 ; in fact, Bi = l(i). Since it follows that, for p = 3, all Q" = l, wè4, we henceforth assume p>3. where Ka = Ha + 2H¿ and Kß = Hß+2Hß'.
Although we shall have later to prove only a small part of this fact, it may be noted that routine calculation shows that the monomialŝ 4cr/a2j3, ■ • • , Ay/aß2 define linearly independent functions over the row space of *Mp+2. 9. Continuation. We next examine how the coefficients K in (8.4) depend upon the numbers (111), • • • , (22/22). From equation (8.3) , for example, it appears that each partition of c of the type 121 contributes -2 to K", +1 to Ky, -1 to 77a (and thus to Ka), and nothing to the remaining coefficients. We tabulate the result of analogous computations for the other types of partitions in Table 1 . Combining these gives ill/21) = ih-a)ia-l)-ib+d-l). Table 2 . (All entries modulo p.)
The results listed in Tables 1 and 2 If the corresponding polynomials are <b, </>'', <b", evidently </>i=c/>"-<p-<j>' has coefficients corresponding to setting g = e = d = 0 in (9.1); <b2=<j>-<pi to retaining only the coefficient of g in (9.1) ; and <¡>3=<p'-<bi to retaining that of e. Explicitly, the first three coefficients of these polynomials are 4>i 4>2 <j>z In all cases, the same </>i, <f>2, <pz define columns spanning 9)i(A), and it remains to show that these columns are independent. Theorem IV. u(p+2)=3p-l for p>3.
